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TOM TAT— Clique I6n nhét (maximum clique problem) l& bai todn t6i wu t6 hop c6 nhiéu ing dung trong khoa hoc va kp
thudt nhu mang xda héi, mdy hoc, md héa, thi gidc mady tinh, mang vién thong, ldp lich, thu hoi thong tin, tin sinh hoc, tai chinh, héa
hoc, ... clique I6n nhdt la bai todn thuéce [op NP-hard. Hién c6 nhiéu hudng tiép cdn gidi bai todn clique Iom nhdt nhu cde thudt todn
tim loi giai chinh xdc, cdc thudt todn heuristic, cdc thudt todn metaheuristic, .... Trong bai bdo nay, ching toi cai tién hai thudt todn
dang heuristic giai bai todn clique lon nhét; cde thudt todn cdi tién cua chiing t6i dua trén hai thudt todan heuristic hiéu qua hién
biét. Ching t6i dé cai ddt va thue nghiém cdc thudt todn nay trén 78 bo dir liéu trong hai hé théng di¥ liéu thire nghiém chudn
DIMACS va BHOSLIB. Két qua thyc nghiém cho thdy rang cde thudt todn cdi tién cia ching t6i cho chdt hrong 167 gidi phan I6n
16t hon so voi cdc thuat todn géc. Cdc thudt todn cdi 1ién ndy va két qua thue nghiém twong ting la thong tin hitu ich cho nhing
nghién ciiu tiép theo vé bai todn clique lom nhdt.

Tir khéa— Maximum clique problem, community detection in social networks, heuristic algorithm, metaheuristic algorithm,
NP-hard problem.

I. GIOI THIEU
A Mpt sé dinh nghia
Muc nay trinh bay mét s dinh nghia co s& cho bai toan clique 16n nhét [2].
Pinh nghia 1. Clique

Cho db thi v6 huéng lién thong G=(V,E); trong d6 V 1a tap dinh, £ 1a tdp canh. Tap dinh C ¥ dugc goi la mot
clique ctia d6 thi G néu moi cap dinh (u,v) trong C déu la canh thudc tap E.

Sb luong dinh (hay con goi 1a kich thudc) ciia mot clique C ky hiéu 13 |C|. Néu clique C chta dinh v thi |C|<
deg(v) + 1.

Pinh nghia 2. Clique cuc dai

Q dugc goi 1a mot clique cuc dai néu C 1a mot clique va C khong thudc vé bat ky mét clique nao khac co sb
dinh nhiéu hon né.

Pinh nghia 3. Clique 16m nhit

C duoge goi 1a mét clique 16n nhét ciia dd thi G néu C 1a mét clique va C ¢6 s6 dinh 16n nhét trong s6 cac clique
ctia G. SH luong dinh ciia clique 16n nhét trong d thi G ky hiéu 13 ©(G) va goi 1a chi sé clique cua do thi G.

M{)t‘ clique l(’n} nhét 1{21 mot clique cuc dai nhqng mot clique cuc dai chua chic da 1a mot clique 16n nhat. R
rang mot do thi c6 thé co6 nhiéu clique ¢6 kich thudc bang clique 16n nhat.

Dinh nghia 4. Bai toan clique 16m nhit

Cho d6 thi vo hudng lién théng G=(V,E); trong d6 V' la tap dinh, £ 1 tdp canh. Bai toan clique 16n nhat

(Maximum Clique Problem-MCP) la bai toan tim mét clique I6n nhat trong db thi da cho. Trong truong hop tdng quat,
bai toan clique 16n nhat d& dugc chiing minh thugc 16p NP-hard.

Néu G = (V.E) la dd thi khong c6 trong s6 thi o(G) =max{ |C]: C 1a mét clique cua dd thi G}; néu G = (V.E) la
do thi c6 trong so6 (trén dinh) thi kich thudc cia clique C lon nhat (clique weight) cia G ky hiéu 1a w(C) bang tong
trong sd cac dinh cua C; khi d6 w(G) =max{|C|: C la mét clique ciia do thi G} [9][28]. Trong pham vi bai bao nay,
chung t6i chi gidi han xem xét bai toan clique 16n nhét trong trudng hop do thi khong 6 trong sb.

. Vi du: Cho db thi v hudng lién thong c6 9 dinh va 26 canh nhu Hinh 1; mét clique I6n nhét tim duoc ung véi
do thi nay 1a cac dinh {2,4,5,7,8}.
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Hinh 1. Minh hoa db thi va mot clique 16n nhét véi cac dinh {2,4,5,7,8}
A Ung dung ciia bai todn Clique Ién nhit

B~éli toan MCP ¢6 thé dugc ung dung trong mat sb linh vuc khoa hoc va ky thuat; chéng han nhu mang x& hdi,
mang vién thong, tin sinh hoc, tai chinh, hda hoc, ma hoa, thi gidc may tinh, may hoc, 14p lich [7][14][26].

Vi du déi véi mang xa héi facebook: mdi thanh vién ¢6 thé két néi véi mot hode nhiéu thanh vién khac (tiéu chi
két ndi c6 thé 1a cing so thich ching han). Vién dé dat ra la can tim mot cong déng ¢6 nhiéu thanh vién nhét (hogc cin
tim mot cong dong c6 k-thanh vién) ma mdi thanh vién trong do déu c6 ket ndi (truc tiép) dén voi tat ca cac thanh vién
con lai. Trong cac hé théng mang: Tim kiém thong tin vé cac cudc goi, tan sudt cude g01 tim cac nhém ngudi goi ¢6
moi lién két cao. Viéc tim kiém va thu thap thong tin nay 1a quan trong vi c6 thé danh gia duogc mau khach hang va toi
uu hoa hoat dong cua hé théng. Trong tin sinh hoc: Thuat toan clique I6n nhit duoc sir dung dé tim kiém cong dong
cho cac mang sinh hoc, bai toan so khép cdu tric phén tir héa hoc...

C. Mot so nghién cveu lién quan bai toan MCP va van dé dit ra can gidi quyét trong bai bdo nay

Bai toan MCP déa thu hut dugc su quan tam nghién ctru lién tuc, sdu rong clia cic nha khoa hoc trén thé gioi
trong hang chuc ndm qua; dac bict la trong vai nam tr¢ lai day [1][9][10][1 1][14][16][17][20][24]. Ngoai nhiing cong
trinh khao sat chi tiét vé MCP [23], hién dd c6 hang loat thuat toan giai bai toan MCP dugc dé xuat va co thé chia
thanh ba huéng tiép can chinh sau day:

Huong thir nhat 1a cac g1a1 thuat tim 101 giai dung vdi cac thuat toan nhanh cén [2][13][18][2 1], quy hoach dong
[23][32]. Uu diém cua hu(mg tiép can nay la tim duoc 1oi giai chinh xac, nhuge diém ciia hudng tiép can nay la chi giai
duogc cac bai toan ung vai do thi c6 kich thude nh6. Huéng tiép can nay 1a mét co sé quan trong dé danh gia mue do
chinh x4c cia cac thuét toan giai gan ding. Viéc giai dung bai toan MCP 1a mot thach thirc 16n trong Iy thuyét t6i uu to

hop [1].

Hieong thir hai 1a cac thuat toan heuristic. Thuat toan heuristic chi nhiing kinh nghiém riéng biét dé tim kiém loi
giai cho mot bai toan tdi uu cu thé. Thuat toan heuristic thuong tim dugc 101 giai cé thé chap nhan duoc trong thoi gian
cho phép nhung khong chic d6 14 1oi giai chinh xéac; tham chi cac thuét toan heuristic khong chéc hidu qua trén moi
loai dit liéu dbi vai mot bai toan cu thé. Uu diém ndi bat ciia cac thuat toan heuristic trong viéc giai bai toan MCP 1a
cho thoi gian chay nhanh. Mgt s6 thuét toan heuristic c6 thé dugc st dung lam diéu kién cit nhanh trong cac thuét toan
nhanh cén giai bai toan MCP. Mot sd cong trinh tiéu biéu cho huéng tiép can nay nhu thuat toan tham lam
[S1[12][14][25].

Hudng thir ba 1a cac thuat toan metaheuristic. Thuat todn metaheuristic st dung nhiéu heuristic két hop voi cac
ky thuat phu trg nham khai pha khong gian tim kiém; metaheuristic thudc 16p cac thuat toan tim kiém tdi wu. Mot so
cong bd tiéu biéu giai bai toan MCP theo huong nay nhu thuat toan di tmyén [6][23], thuat toan tabu search [23], thuat
toan bay ong [33], thuat toan tdi uu by kién [19][27], thudt toan tim kiém lan can bién déi [22], thuat toan tim kiém
dia phuong [8][15][29][31]. Cho dén hién tai, huéng tiép can metaheuristic giai bai toan MCP cho két qua tét nhat
trong sb cac thuat toan giai gan dung.

Do la bai toan thudc 16p NP-hard nén mg dung ctia bai toan MCP can dugc xem xét dudi goc do cua bai toan
thiét ké hay dudi goc do cua bai toan thuc thi: Néu ¢ goc do bai toan thiét ke thi can uu tién hon vé chat lugng 101 giai
hon; con néu ¢ goc d6 bai toan thuc thi thi can wu tién vé thoi gian chay hon.

Uu diém cia cac thuat toan heuristic 1 cho thoi gian chay nhanh hon cdc thuat toan metaheuristic; tuy nhién
chat luong 10 giai cua cac thudt toan heuristic thuong kém chét lugng hon so véi metaheuristic. Bai bao nay cai tién
hai thuét toan heuristic tot hién biét: T/t nhdt 1a heuristic ciia nhém tac gia Vii Dinh Hoa va cac cong su [30] va thir
hai 1a heuristic cia nhom tac gia Bharath Pattabiraman va céac cong su [5].
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II. CAI TIEN MOT SO THUAT TOAN HEURISTIC GIAI BAI TOAN CLIQUE LON NHAT

Y tuong chung cua céc heuristic giai bai toan clique 16n nhat 1a bat dau tir mot clique réng; sau dé lap lai viéc
thém dan cac dinh dé tao thanh clique 16n hon dén khi nao khong thé thém dinh dé tao thanh cac clique I6n hon nita thi
dung Cac thuat toan heuristic dang tham lam nay dya vao thong tin quan trong nhét chinh 1a bac cla cac dinh Ung
vién. Diém mau chét cta cac cai tién cia ching toi la dwa vao yéu té ngau nhién cua cac 1o giai tiém nang va dong
thoi cho chay nhiéu 14n mét bo dit lidu thuc nghiém dé hy vong tim duoc loi giai c6 chét luong tot hon.

A Thudt todn heuristic 1

Trudc hét chiing toi trinh bay nguyén ban thuat toan heuristic giai bai toan clique 16n nhat ctia nhom tac gia Vi
Pinh Hoa va cac cong su [30] nhu sau:

1. procedure MAXCLIQUEHEUI (G=(V,E)) //viét tit 1a HEU1

2.  begin

3 bat U= 0;

4. while (V= @) do

5. begin

6 Duyét cac dinh thudce tap V; tim dinh v ¢ U va v ¢6 béc 1a 16n nhéat;
7 U=U v {v};

8 V=r\ {v}

9 Xoa tat ca cac dinh u khong ké véi dinh v ra khoi tép V;

10. Cap nhat bac cuia cac dinh lién quan dén cac dinh u vira b xoa;
11. end;

12. Xuat két qua U,

13. end;

HEUI la thuat toan dang tham lam dung dé tinh can dudi va thuong duoc sir dung trong cac thuét toan nhanh
cén giai bai toan MCP [30][32]. HEU1 la thuét toan dién hinh duoc sir dung nhiéu trong cac thuét toan dang heuristic,
metaheuristic giai bai toan MCP. Ching tdi cai tién thuat toan HEU1 & cac diém sau day: Thir nhdt, & dong 6 cia thuat
toan géc, thay vi chon dinh v thudc tap /' va v la dinh c6 bac 16n nhét, thi thuat toan cai tién (HEU1 _improve) s€ chon v
la dinh ngdu nhién chua duoc chon trude dé trong mot tap O chita mot sé dinh c6 sb bac cao nhat cia tap V. Thir hai,
cho thuat toan thuc hién nhiéu lan va ghi nhan 1oi giai tot nhat & cac 1an chay; biéu thi & cac dong 2-4 va 16-23 ciia
thuat toan HEU1 _improve.

1. procedure MAXCLIQUEHEUI1 improve(G = (V,E)) begin // viét tit 1a HEU1_improve
2. Bestsolution=0;

3. T=0¢;

4 while (diéu kién dirng chwa théa) do

5. begin

6. bat U= 0;

7 while (V= @) do

8 begin

9 it tAp @={k dinh thudc tp V'c6 bac 16n nhit};

10. Chon ngau nhién mét dinhv e Q;

11. U=UU {v);

12. V=v\{v};

13. Xoa tit ca nhung dinh u khong ké véi dinh v ra khoi tap v,

14. Céap nhat bac cta cac dinh lién quan dén céc dinh u vira bj x0a;
15. end;

16. if |U|> Bestsolution then

17. begin

18. Bestsolution=|U);

19. Cap nhat7=U

20. end;

21. end;

22. Xuat két qua Bestsolution va cac dinh cta clique 7 twong tng c6 kich thwéc Bestsolution;
23. end;

A, Thut todn heuristic 2

Tiép theo chung t6i trinh bay nguyén ban thuat toan heuristic giai bai toan clique 16n nhit ciia nhom tac gia
Bharath Pattabiraman va cac cong su [5] (chiing t6i chon algorithm 2 ctia nhom tac gia nay).

1. procedure MAXCLIQUEHEU2 (G=(V,E)) // viét tat 1a HEU2
2. fori:1tondo

3. begin

4. if d(v;) > max then  // max la kich thudc cua clique hién tai
5. begin

6.

U :Q);
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7. for v; € N(v) do

8. if d(v;) = max then

9. U=Uu {vi;

10. while (U # 0) do

11. begin .

12. Chon mét dinh v c6 bac 16n nhat tir tap U;

13. U=U\{v};

14. Chi giit lai dinh u € U sao cho u k& véi dinh v va d(u)> max)
15. max=max+1;

16. end;

17. if (|U| >max) then

18. max=|Ul;

19. end;

20. Xuat két qua la max va cac dinh cia clique tuong tng co kich thudc la max;
21. end;

Chung t6i cai tién thuat toan HEU2 trén & cac diém sau: Thir nhdt, & dong 2 ciia thuat toan gdc, thay vi chon lan
lugt cac dinh theo mét thir tu dinh s&n, thuat toan cai tién (HEU2_improve) sé& chon v; la dinh ng?lu nhién chua duoc
chon trudc d6. Thir hai, & dong 12 cta thuat toan gdc, thay vi chon mot dinh v cé bac 16n nhét tir tap U; thuat toan cai
tién s& chon dinh vngau nhién tir tap O chira k dinh c6 bac 16n nhat thudc tap U. Thit ba, cho thuat toan thuc hién nhiéu
lan va ghi nhan 1o giai tot nhat & cac lan chay; biéu thi & cac dong 2-4, 15 va 22-29 cua thuat toan HEU2_improve.

1. procedure MAXCLIQUEHEU2 improve(G = (V,E)) // viét tat la HEU2_improve

2. Bestsolution=0;

3. T=0; .

4. while (diéu kién dirng chira thoa) do

5. begin

6. Chon v; Ia dinh ngiu nhién thudc tap V;

7. if d(v;) > max then

8. begin

9. U=¢;

10. for v; € N(v) do

11. if d(v)) = max then

12. U=Uu {};

13. while (U # 0)

14. begin

15. Chon ngiu nhién mét dinh v € O v6i O chtra kdinh c6 bac 1ém nhat thudc tap U;
16. U=U\{v}

17. Chi giit lai dinh u € U sao cho u k& v&i dinh v va d(u)> max)

18. max=max+1;

19. end;

20. if |U| >max then

21. max=|U;

22. end;

23. if | max|> Bestsolutionthen

24. begin

25. Bestsolution=max,

26. Cap nhat 7=l véi Udng véi clique c6 kich thuéc bing Bestsolution;
27. end;

28. XuAt két qua Bestsolution va cac dinh cta clique 7 twong tng c6 kich thudc Bestsolution;
29. end;

III. THUC NGHIEM VA PANH GIA

Trong phan nay chiing t6i mé ta chi tiét viéc thuc nghiém cac thuét toan gbc HEU1, HEU2 va cac thuit toan cai
tién tuong ing HEU1_improve va HEU2 improve; dong thoi dua ra mdt so danh gia vé cac ket qua dat duoc.

A. Dit liéu thuc nghiém

Pé thuc nghiém cac thuét toan HEU1, HEU2, HEU1_improve, HEU2_improve ching t6i str dung hai hé thong
dir liéu thuc nghiém chudn gdm 78 bo dir lidu; trong d6 hé thong DIMACS [3] ¢6 37 bo va hé théng BHOSLIB [4] ¢6
41 bd. Céc dd thi trong hé thing DIMACS c6 sb dinh trong pham vi tir 125 dén 4000 va c¢6 sé canh trong pham vi tir
6963 dén 5506380; cac db thi trong hé théng BHOSLIB ¢6 s6 dinh trong pham vis tir 450 dén 4000 va c6 sb canh trong
pham vi tir 83151 dén 7425226.

Trong 78 bo dit liéu nay, hé théng DIMACS c6 27 trén 37 bo dit liéu ma ky luc da biét 1a 10i giai tdi wu, hé
thong BHOSLIB c6 41/41 b dir liéu ma ky luc da biét 1a 1i giai t6i uu; khi d6 kich thudc clique & cot Best known
trong Bang 1 va Bang 2 ¢ ghi kém dau®. Bai toan MCP 1a mét thach thirc 16n ddi véi cac nha khoa hoc; véi hé théng
DIMACS thi ky luc méi va thoi gian chay 13 muc dich can huéng t6i, vi hé théng BHOSLIB thi thoi gian chay 1a muc
dich can hudng toi.
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Db thi thua 1a db thi c6 s6 canh thoa mén bat déng thie m > 6m; néu theo tiéu chuan nay thi cac dd thi ¢ hai hé
thong dir liéu thuc nghiém nay déu 1a cac do thi day; trong do hé thong DIMACS ludn thoa m > 35n va hé thong
BHOSLIB luén thoa m >180x; tirc hé thong BHOSLIB chira cac d6 thi day hon nhiéu so véi hé thong DIMACS.

Chung t6i thdy rang trong 78 do thi ctia hai hé thong DIMACS, BHOSLIB khéng c6 do thi nao ¢6 dinh c6 bac
nho hon kich thuée ciia clique tim dugc bang thuat toan tham lam HEU1; do vy néu chiing ta rat gon dd thi theo cach
su dung thuat toan tham lam dé tim ra mot clique lon nhét; sau d6 duyét qua cac dinh cua dd thi va loai bo cac dinh c6
béac nho hon kich thudc cua clique 16n nhat 14 khong kha thi; it nhat ciing 1a véi hai hé théng DIMACS, BHOSLIB.

B Mobi trwong thuc nghiém

Céc thuét toan HEU1, HEU2, HEUI_improve, HEU2_improve dugc chung toi cai dat bang ngdn ngit C++ sir
dung moéi truong DEV C++ 5.9.2; duoc thuc nghiém trén may tinh HE diéu hanh Microsoft Windows 10 Pro, 64bit,
RAM 4GB. Intel(R) Core(TM) i3-2330M CPU @ 2.20GHz, 2200 Mhz, 2 Core(s).

C.  Két qua thwe nghiém

Két qua thuc nghiém cua cac thuat toan HEUI, HEU2, HEUI _improve, HEU2_improve trén cac bo dir liéu
DIMACS dugc ghi nhan ¢ Bang 1; bang nay c6 cau tric nhu sau: Cot dau tién (Instance) ghi tén goi cac bo dir licu
trong hé thdng dir lidu thuc nghlem chuan cac cot tiép theo (NODES, EDGES, DEGREEmin, DEGREE 4y, Best known)
lan luot ghi cac thong tin vé so dinh, sb canh, sd bac nho nhat, 16n nhét cua cac dinh cia dd thi, kich thude clique tdt
nhat hién biét cua do thi (day 1a ky luc t6t nhat dugc cap nhat trén cac website cap nhét ky luc thuc nghiém bai toan
MCP [3][4]; d&én nam 2018, luan 4n tién si ciia Yi Zhou vé bai toan MCP [32] chua chi ra dugc mot ky luc nao méi trén
céc bo dir lidu thude DIMACS ma chiing t6i da liét ké trong Bang 1); bon c6t cudi ghi kich thude clique tim duge 1an
lugt ing véi cac thuat toan HEU1, HEU2, HEU1 improve, HEU2 improve.

Chung t6i dé xuét tham s6 cho hai thuat toan HEU1 improve, HEU2_improve nhu sau: Piéu kién ditng duge cho
lap lai 30 1an; S6 Lieong phan tir ciia tdp Q duoc cho & bang 10% s dinh ¢ bac 16n nhat thudc tap dinh tmg vién.

Do cong trinh [30] khong thuc nghiém trén hai hé théng dir liéu thuc nghiém trén va cong trinh [5] chi thuc
nghiém trén 17 trong s6 37 bo dir liéu cua hé théng DIMACS (d6 1a cac bo dit liéu ma két qua & cot HEU2 c6 danh
dau®). Do d6 ching t6i cai dat hai thuat toan HEU1, HEU2; va véi cac bo test ma thuat toan HEU2 da c6 két qua thi
chung t6i ghi nhan nhu bai béo gbc [5].

Bang 1. Két qua thuc nghiém thuft todn trén cac dd thi trong hé théng DIMACS

Instance NODES | EDGES | DEGREEy| DEGREEns| - 2t | nput | neuz | HEVI- | HEUZ_
known improve | improve
C1259 125 6963 102 119 3 | 32 | 3l 34 34
2509 250 | 27984 203 236 A | 40 | 40 0 e
C500.9 500 | 112332 51 168 57 | 50 | 48 53 54
C1000.9 1000 | 450079 868 925 68 | 58 | 57 60 64
20009 2000 | 1799532 1751 1848 80 | 66 | 63 66 62
DSIC1000 5 1000 | 499652 447 551 5 o | 14 13 14
DSJC500 5 500 | 125248 220 286 3] 11| 12 13 13
20005 2000 | 999836 919 1074 6| 12| 14 14 16
C4000.5 4000 | 4000268 1895 2123 18 | 14| 15 16 16
MANN 227 378 | 70551 364 374 | 126 | 125 | 125 126 125
MANN a45 1035 | 533115 1012 1031 | 345 | 342 | 34l 343 342
MANN a8l 3321 | 5506380 3280 3317 | 1100 | 1096 | 1096 | 1096 | 1096
brock200 2 200 9876 78 114 1 8 | 10 1 2
brock200 4 200 | 13089 112 147 7 | 13| 14 16 17
brock400 2 400 | 59786 274 328 20 | 21 | 200 24 24
brockd400 4 400 | 59765 275 326 33 | 20 | 22 24 33
brock800 2 800 | 208166 472 566 2 | 15 | 1% 19 20
brock800 4 800 | 207643 431 365 % | 15 | 1T 19 19
2en200 p0.9 44| 200 | 17910 165 190 | 37 | 35 33 0
2en200 p0.9 55| 200 | 17910 164 190 55 | 39 | 39 3 51
2end00 p0.9 55| 400 | 71820 334 375 55 | 46 | 46 50 50
eend00 p0.9 65| 400 | 71820 333 378 65 | 45 | M3 43 50
eend00 p0.9 75| 400 | 71820 335 380 75 | 43 | 47 52 54
hammingl0-4 | 1024 | 434176 848 848 20 | 2| 2 34 33
hamming8-4 256 | 20864 163 163 6 | 16 | 16 16 16
Kellerd 171 9435 102 124 | 10 | 1r 1 1
Kellers 776 | 225990 560 638 7 | 2 | 22 23 27
keller6 3361 | 4619898 2690 2952 59 | 44 | 45 3 19
b ha300-1 300 | 10933 23 132 g 7] % 8 8
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p_hat300-2 300 21928 59 229 25" 21 24 25 25
p_hat300-3 300 33390 168 267 36" 33 26" 35 35
p_hat700-1 700 60999 75 286 11 7 9 11 11
p_hat700-2 700 121728 157 539 44" 42 26" 44 43
p_hat700-3 700 183010 408 627 62 57 57 60 62
p_hat1500-1 1500 284923 157 614 12" 8 11 11 11
p_hat1500-2 1500 568960 335 1153 65 60 59 64 53
p_hat1500-3 1500 847244 912 1330 94 86 81 91 70

Tuong tu, két qua thuc nghiém cta cac thuat toan HEU1, HEU2, HEU1 improve, HEU2_improve trén cac bd
dir liéu BHOSLIB dugc ghi nhin ¢ Bang 2.

Bang 2. Két qua nghiém thuat todn trén cac dd thi trong hé théng BHOSLIB

Instance NODES | EDGES | DEGREE.i, | DEGREEx Best HEU1 | HEU2 HEU L HEUZ—
known improve | improve
frb30-15-1 450 83198 327 407 30 25 24 26 27
frb30-15-2 450 83151 333 404 30" 25 24 26 28
frb30-15-3 450 83216 327 400 30" 23 24 26 27
frb30-15-4 450 83194 339 401 30" 25 26 26 27
frb30-15-5 450 83231 321 403 30 24 25 26 28
frb35-17-1 595 | 148859 462 544 35" 30 29 30 31
frb35-17-2 595 | 148868 460 541 35" 28 29 30 33
frb35-17-3 595 | 148784 429 549 35" 29 29 30 32
frb35-17-4 595 | 148873 444 560 35" 30 30 31 32
frb35-17-5 595 | 148572 460 550 35" 29 29 30 33
frb40-19-1 760 | 247106 581 703 40" 33 33 34 36
frb40-19-2 760 | 247157 588 702 40" 35 34 35 36
frb40-19-3 760 | 247325 600 702 40" 34 34 34 36
frb40-19-4 760 | 246815 595 692 40" 33 32 34 36
frb40-19-5 760 | 246801 585 691 40" 33 33 34 37
frb45-21-1 945 | 386854 756 876 45" 37 36 38 40
frb45-21-2 945 | 387416 753 870 45° 38 36 38 40
frb45-21-3 945 | 387795 739 872 45" 34 36 37 40
frb45-21-4 945 | 387491 732 875 45" 37 37 38 41
frb45-21-5 945 | 387461 764 874 45" 36 36 37 40
frb50-23-1 1150 | 580603 941 1065 50" 43 40 42 44
frb50-23-2 1150 | 579824 922 1074 50" 41 40 42 45
frb50-23-3 1150 | 579607 945 1078 50" 42 39 42 45
frb50-23-4 1150 | 580417 941 1071 50" 41 40 43 45
frb50-23-5 1150 | 580640 922 1080 50" 40 41 42 45
frb53-24-1 1272 | 714129 1039 1185 53" 43 41 43 48
frb53-24-2 1272 714067 1039 1182 53" 44 42 44 47
frb53-24-3 1272 714229 1037 1183 53" 44 43 44 47
frb53-24-4 1272 | 714048 1045 1189 53" 42 42 44 47
frb53-24-5 1272 714130 1065 1199 53" 42 42 44 47
frb56-25-1 1400 869624 1162 1311 56" 45 44 46 47
frb56-25-2 1400 | 869899 1162 1327 56 46 45 46 46
frb56-25-3 1400 | 869921 1160 1301 56" 46 44 46 46
frb56-25-4 1400 | 869262 1158 1307 56" 46 43 47 46
frb56-25-5 1400 | 869699 1158 1311 56" 46 44 46 46
frb59-26-1 1534 | 1049256 1256 1439 59" 47 47 49 49
frb59-26-2 1534 | 1049648 1268 1433 59" 48 48 48 48
frb59-26-3 1534 | 1049729 1275 1455 59" 49 47 47 48
frb59-26-4 1534 | 1048800 1259 1435 59" 48 46 48 48
frb59-26-5 1534 | 1049829 1295 1452 59" 49 47 48 48
frb100-40 4000 | 7425226 3553 3864 100" 81 78 77 78

2. Pdnh gid két qua thuwe nghi¢m

_Céc thuat toan heuristic dugc danh gia dua trén chét luong 10 giai (46 t6t cua 1oi giai) va thoi gian tinh tuong
ung dé co 101 giai d6 thong qua viéc thuc nghiém trén mot s6 bd dit liéu mau. Muc nay sé dua ra mét so phan tich danh
gia vé chat lugng 101 giai va thoi gian chay tuong ung.

Chit lwong 1vi gidi
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Véi 37 bo dir lidu trong hé thong DIMACS, thuat toan HEU1_improve cho chét lugng 1oi giai tot hon, bang,
kém hon thuat toan HEU1 1an luot 14 89.2%, 8.1%, 2.7%; thuét toan HEU2_improve cho chat luong 1oi giai tt hon,
bang, kém hon thuat toan HEU2 lan luot 1a 73.0%, 18.9%, 8.1%. Thuat toan HEU1 cho két qua dat tir 57.0% dén
100.0% so véi két qua téi uu; thuat toan HEU1 improve cho két qua dat tir 69.0% dén 100.0% so véi két qua t6i uu;
thuat toan HEU2 cho két qua dat tir 59.0% dén 100.0% so v6i két qua tdi uu; thudt toan HEU2 Improve cho két qua dat
tir 72.0% dén 100.0% so v6i két qua t6i uu.

V6i 41 bo dir ligu trong hé théng BHOSLIB, thuat toan HEU1 improve cho chat luong 1o giai tot hon, bang,
kém hon thuét toan HEUT 1an luot 1a 58.5%, 31.7%, 9.8%:; thuat toan HEU2_improve cho chét lugng 1o giai tt hon,
bing, kém hon thuét toan HEU2 1an luot 14 97.6%, 2.4%, 0.0%. Thuat toan HEU1 cho két qua dat tir 75.6% dén 87.5%
so v6i két qua téi uu; thuat toan HEU1_improve cho két qua dat tir 77.0% dén 88.6% so v6i két qua tbi uu; thuat toan
HEU2 cho két qua dat tir 76.8% dén 86.7% so véi két qua téi uu; thuat toan HEU2_improve cho két qua dat tir 78.0%
dén 94.3% so vai két qua toi uu.

Chung t6i minh hoa chat luong cac thuét toan Quy hoach dong (OPTIMAL), HEU1, HEU2, HEUI improve,
HEU2_improve trén 5 bd dit liéu brock200 4, brock400_ 4, hamming8-4, keller5, p_hat700-2 nhu ¢ Hinh 2.

Maximum clique problem

50

by a3
40 ]
30 26
2022 2222 23
20 1617 - 1616161616
13 14 |
i (| J Bl
0 ||
brock200_4(*) brock400_4(*) hamming8-4(* keller5(*) p_hat700-2(¥)

® Optimal ® Heul ®mHeu2 Heul_improve ®& Heu2_improve

Hinh 2. Minh hoa kich thudc clique 16n nhit ctia cac thudt toan qua mot sé bo di liéu
Thaoi gian chay ciia cdc thudt todn

Tiép theo, chung tdi ghi nhan thoi gian chay cla céc thuat toan Quy hoagh doéng (cot OPTIMAL), HEUI,
HEU2, HEU1 improve, HEU2 improve qua 5 b¢ dir liéu’nhu o Bang 3. Trong d6 néu cdp thut toan va bo dir liéu nao
ma sau 7200 gidy chay chuong trinh khong tim ra dugc két qua thi 6 twong ng sé ghi ky hiéu -

Bang 3. Thoi gian chay chuong trinh (mg v&i cac thudt toan trén mdi bo dir licu.

Instance | OPTIMAL | HEU1| HEU2| HEU1 improve| HEU2 improve
brock200 4 0.78 0.03 0.02 0.02 0.09
brock400 4 - 0.14 0.06 0.14 1.00
hamming8-4 0.01 0.06 0.02 0.08 0.17
keller5 - 0.55 0.31 0.44 4.78
p_hat700-2 - 0.27 0.25 0.33 2.09

Ghi chii: Thoi gian tinh bang don vi gidy, ldy dén 2 s6 lé thdp phdn.

Chung t6i da thuc nghiém thuat toan quy hoach dong trén 37 bo dit liéu trong hé thong DIMACS véi file ngudn
chuong trinh dugc cong bb tai [34]; nhan théy chi 11 bo dir liéu cho két qua sau 7200 gidy thuc hién; do la cac bg dir
ligu C125.9, keller4, brock200 2, brock200_4, gen200 p0.9 55, hamming8-4, p_hat300-1, p_hat300-2, DSJIC500 5,
p_hat700-1, p_hat1500-1.

Tir 4 cot cudi ciia Bang 3 cho nhan xét rang thuat toan HEU1 improve c6 thoi gian chay bang tir 0.52 dén 1.24
lan so véi thuat toan HEU; thuat toan HEU2_improve c6 thoi gian chay bang tir 6.25 dén 15.87 lan so vai thuat toan
HEU2. Thoi gian chay chuong trinh ngoai viéc phu thudc vao do phtic tap thoi gian tinh cia thuét toan; con phu thudc
vao méi truong thuc nghiém, k§ thuat 1ap trinh, cAu triic dir liéu chon cai dit, cac bd tham sb,... Tuy vy, thoi gian chay
clia cac thuat toan nhu & Bang 3 ciing cho chiing ta thong tin tham khao can thiét vé cac thuat toan nay.

IV. KET LUAN

Trong bai bao nay chung t6i da cai tién hai thuat toan heuristic dé giai bai toan clique 16n nhét; cac cai tién nay
dua trén hai thuét toan heuristic hi¢u qua hién biét. Chung t6i da cai dat cac thudt toan géc, cac thudt toan cai tién va
thuc nghiém chung trén 78 bd db li€u trong hé théng dir liéu thuc nghiém chuén. Két qua thuc nghiém cho théy réng
thudt toan cai tién HEU1 improve cho chat lugng 1oi giai t6t hon, bang, kém hon thuat toan goc HEU1 lan luot 1a
73.1%, 20.5%, 6.4%:; thuat toan cai tién HEU2_improve cho chét luong 10i giai tt hon, bang, kém hon thuat toan gbc
HEU2 lan luot 1a 85.9%, 10.3%, 3.8%. Cac cai tién nay 1a hiéu qua dbi vé6i cac dd thi cé kich thude 16n. Cac két qua
dat dugc trong bai bao nay 1a thong tin hitu ich cho cac nghién ciru tiép theo vé bai toan clique 16n nhat.
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IMPROVED HEURISTIC ALGORITHMS FOR SOLVING MAXIMUM
CLIQUE PROBLEM

Phan Tan Quoc, Huynh Thi Chau Ai

ABSTRACT— The maximum clique problem (MCP) is known as NP-hard problem. It is also one of the most important
combinatorial optimization problems with practical applications in numerous fields such as social network, machine learning,
cryptography and coding, telecommunication network, scheduling, information retrieval, finance, signal transmission analysis,
economics, biomedical engineering, chemistry, so on.s Many approaches have been developed to solve the MCP such as algorithms
for finding exact solutions, heuristic algorithms, metaheuristic algorithms, so on. In this study, we propose two improved heuristic
algorithms that are based on the effective well-known heuristic algorithms. We do experiments on the proposed approaches by using
78 datasets from two standard database, DIMACS and BHOSLIB. The experiment results claim that our approaches outperform
baseline approaches. This proves that the proposed approach is effective and promising approach for solving the MCP.



